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ABSTRACT

An importantgeneralmodelfor discrete-timesignalprocessingis
theswitchingstatespace(SSS)model,which generalizesthehid-
denMarkov modelandtheGaussianstatespacemodel.Inference
andparameterestimationin this modelareknown to becomputa-
tionally intractable.This paperpresentsa powerful new approxi-
mationto theSSSmodel. Theapproximationis basedon a vari-
ationaltechniquethatpreservesthemultimodalnatureof thecon-
tinuousstateposteriordistribution. Furthermore,by incorporating
a windowing technique,theresultingEM algorithmhascomplex-
ity that is just linear in the lengthof the time series.An alterna-
tiveViterbi decodingwith frame-basedlikelihoodis alsopresented
whichis crucialfor thespeechapplicationthatoriginallymotivates
this work. Our experimentsfocuson demonstratingtheeffective-
nessof thealgorithmby extensive simulations.A typicalexample
in speechprocessingis alsoincludedto show thepotentialof this
approachfor practicalapplications.

1. INTRODUCTION

Theswitchingstatespace(SSS)modelis a probabilisticdynamic
systemwhichcombinesdiscreteandcontinuousdynamics.It gen-
eralizesthe hidden Markov model (HMM) and the linear state
spacemodel.Whereasthestatespacemodeldescribesanobserved
time seriesin termsof a continuoushiddenstatevector whose
dynamicsis speci�ed by the dependenceof the currentstateon
thepreviousone,in theSSSthosedynamicsdependon additional
stateswhicharediscrete.Hence,thedynamicsgenerallyvarywith
time, producinga powerful modelwith applicationsin many do-
mains,suchasspeechprocessing[1], control [2], machinevision
[3] and�nancial analysis[4]. In themachinelearningcommunity,
the SSSmodel belongsto a classof modelstermedconditional
linearGaussian(CLG) models[5],which hasalsobeenattracting
interestrecently.

Whereasinferenceandparameterestimationin HMM andthe
statespacemodel can be doneexactly using the EM algorithm
(known asBaum-Welchfor theformerandKalman-Rauchfor the
latter), it is well known that inferencein SSSis computationally
intractable[6]. More generally, it hasbeenshown that inference
in CLG modelsis NP-hard[5]. Hereanew approximationscheme
for theSSSmodelis presented,basedonamultimodalvariational
technique.Variationalmethodsare �rst appliedto similar mod-
els by Ghahramaniand Hinton [6], and someimportantdiffer-
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Fig. 1. Themodel(a) andthevariationalposterior(b) represented
asBayesiannetworks.

encesbetweentheir work andourswill be pointedout aswe de-
velopourapproachin thefollowing sections.Thispaperbuildson
previously-publishedtheoreticalresults[7]1; herewewill develop
importantextensions,backedupby extensivesimulationresults.

Theremainderof thepaperis organizedasfollows: Themodel
usedin this work is describedin Section2, followedby somede-
tails of thealgorithmdevelopmentin Section3. Section4 shows
theeffectivenessof thealgorithmby simulationexamples,and�-
nally Section5 concludesthepaperby atypicalspeechprocessing
exampleandabrief discussion.

2. THE SWITCHING STATE SPACE MODEL

We start with the de�nition of the switching statespace(SSS)
model. This is a probabilisticmodelthat describesmultivariable
time seriesdatain termsof two typesof hiddenvariables(also
termedstates):discreteandcontinuous.Thehiddenvariablesform
two �rst-order Markov chains,wherethecontinuouschainis con-

1Two methodswere developedin [7]: one is the progenitorto the
presentpaper;theother, on which all theexperimentalresultsin [7] were
based,is unrelatedandnot furtherpursuedfor its lackof ef®ciency aswell
asaccuracy.



ditionedon the discreteone. Let y n denotethe observed dataat
time n = 1 : N , andsn andx n denotethe discreteandcontin-
uoushiddenstates,respectively, at that time. The discretestates
mayassumeoneof S values,wheres = 1; :::; S. Wehave

p(sn = s j sn ¡ 1 = s0) = ¼ss 0 ;

p(x n j sn = s; x n ¡ 1) = N (x n j A sx n ¡ 1 + as ; B ¡ 1
s );

p(y n j sn = s; x n ) = N (y n j C sx n + cs ; D ¡ 1
s );

(1)

andtheinitial statesatn = 0 are

p(s0 = s) = ¼0
s ; p(x 0 j s0 = s) = N (x 1 j a0

s ; B 0
s ) : (2)

Thefull joint distributionof themodelis givenby

p(y1:N ; x0:N ; s0:N j £) =
NY

n =1

p(y n j x n ; sn )p(x n j sn ; x n ¡ 1)

¢p(sn j sn ¡ 1)p(x 0 j s0)p(s0) ; (3)

wheretheparametersare

£ = f ¼ss 0; ¼0
s ; A s ; as ; a0

s ; B s ; B 0
s ; C s ; cs ; D sg : (4)

Fig. 1 shows the graphicalrepresentationof the SSSmodel,
wheretheconditionalindependencerelationsareillustratedclear-
ly. Noticethatourmodelimplicitly forcesacontinuityconstraint2

on x 1:N so that it �ts nicely into the Bayesianframework when
x 1:N is treatedasa smoothnessprior for y 1:N [8]. Sucha con-
tinuity constraintis not presentin many otherSSSmodels,such
as the one in [6] wherethereare M underlyinglinear dynamic
processesbut only oneof themis observedatagiventime.

EM parameterestimationin probabilisticmodelsgenerallyin-
volves iterating betweenan E-step,which updatesthe posterior
distribution over thehiddenstates(andthemomentsof theposte-
rior, a.k.a.suf�cient statistics),andanM-step,which updatesthe
modelparameters.As is well-known, in theSSSmodeltheE-step
is computationallyintractable,becausethe exact computationof
theposteriordistribution requiressummingover all possiblecon-
�gurations of s1:N , whosenumberis O(eN ). In the following
sectionwederiveanew approximationschemefor thisposterior.

3. A MULTIMOD AL VARIATION AL APPROXIMA TION

In the variational approachwe approximatethe exact posterior
p(s1:N ; x 1:N j y 1:N ) by a distribution with a tractablestructure,
denotedby q. Herewe choosethe following partially factorized
structureshown graphicallyin Fig. 1:

p(s0:N ; x 0:N j y 1:N ) ¼ q(s0:N ; x 0:N j y 1:N )

=
NY

n =1

q(x n j sn )q(sn j sn ¡ 1) ¢q(x0 j s0)q(s0) :
(5)

As is costumaryto the notationin variationalmethods,the data
dependenceof theq's is omittedbut alwaysimplied.

Whereasq is anapproximation,it preservesimportantfeatures
of the exact posterior. In particular, (1) it incorporatestemporal
correlationsvia the Markov chainstructureof q(s1:N ), (2) it in-
corporatescorrelationsbetweenthecontinuousanddiscretestates,

2Furthersmoothnesscan be enforcedby constrainingthe ®rst and/or
higherordersof derivativesto becontinuousaswell.

andmostsigni�cantly (3) it incorporatesmultimodalityof thecon-
tinuousstatessinceq(x n ) =

P
s q(x n j sn = s)q(sn = s) is a

mixture distribution. On the otherhand,it doesnot directly in-
corporatetemporalcorrelationsamongx n 's; thoseareintroduced
indirectly via the variationalequationsbelow. Previous work on
variationalapproachto suchmodels[6] usesthe factorizedform
q = q(x 1:N )q(s1:N ). Whereasthat form doesincorporatetem-
poral correlationsamongthex n , it resultsin a q(x 1:N ) which is
a Gaussian,and thus unimodal. Nevertheless,suchan approxi-
mationcanalsobeappliedto our modelanda detail comparison
studywill bepublishedseparately.

To deriveq, westartwith thefunctional

F [q] =
X

s1: N

Z
dx 1:N q(s1:N ; x 1:N )¢

[log p(y 1:N ; x 1:N ; s1:N ) ¡ log q(s1:N ; x 1:N )]

(6)

and optimize it w.r.t. q, under the restriction that q has the
above structure.This is doneby settingthe functionalderivative
±F =±q(x n j sn ) andtheordinaryderivative @F =@q(sn j sn ¡ 1)
to zero,for eachn, andsolving theresultingrecursive equations,
equivalentto minimizing theKL distanceof q to theexactposte-
rior. Herewe presentthe resultsonly, ratherthanthe full deriva-
tion, dueto spacelimitations.

First, noticethat the functional form of q(x n j sn ) wasnot
speci�edin advance.Theoptimalform, resultingfrom afreeform
optimization,turnsoutto beaGaussianwith statedependentmean
½s;n andprecision¡ s;n ,

q(x n j sn = s) = N (x n j ½s;n ; ¡ ¡ 1
s;n ) : (7)

Next, wede�ne thefollowing variationalposteriors,

° s;n = q(sn = s) ;

´ s0s;n = q(sn = s j sn ¡ 1 = s0) ;

¹́ s0s;n = q(sn = s j sn +1 = s0) =
´ ss 0;n +1 ° s;n

° s0;n +1
:

(8)

We also introducethe notationE s;n , denotingstate-conditioned
averaging,via

Es;n g(x n ) =
Z

dx n q(x n j sn = s)g(x n ) ; (9)

whereg is anarbitraryfunction.
Computing q(x n j sn ): Theprecisionmatrix of q(xn j sn )

is givenby

¡ s;n = C T
s D sC s + B s +

X

s0

´ ss 0;n +1 A T
s0B s0A s0 : (10)

Themeansatis�esthelinearequation

¡ s;n ½s;n = C T
s D s (y n ¡ cs ) + B s (A s

X

s0

¹́ ss 0;n ¡ 1½s0;n ¡ 1 + as )

+
X

s0

´ ss 0;n +1 A T
s0B s0(½s0;n +1 ¡ as0) : (11)

Notice that a bruteforce solutionof the last equationby matrix
inversionhascomplexity O((N S)3), whereS is the numberof
states. Below we discussan ef�cient solution techniqueusing
overlappingwindows,whosecomplexity is signi�cantly lower.



Computing q(sn j sn ¡ 1): We introducethequantityzs;n for
eachtime n andstates. It turnsout to be the normalizationfac-
tor of theposteriortransitionprobability ´ s0s;n = q(sn j sn ¡ 1).
Theseprobabilitiesarecomputedrecursively by a backwardpass
as follows. First, we initialize zs;N +1 = 1 for all s. Next, for
n = N ; :::; 1 wecompute

´ s0s;n =
1

zs;n
ef s 0s;n zs0;n +1 ; zs;n =

X

s0

ef s 0s;n zs0;n +1 ; (12)

andfor n = 0 wecompute

° s; 0 =
1
z0

ef s; 0 zs; 1 ; z0 =
X

s

ef s; 0 zs; 1 : (13)

Thequantitiesf s0s;n aregivenby

f s0s;n = Es0;n

£
log p(y n j x n ; sn = s0) ¡ log q(x n j sn = s0)

¤

+ Es0;n Es;n ¡ 1 log p(x n j x n ¡ 1 ; sn = s0)

+ log p(sn = s0 j sn ¡ 1 = s) ; (14)

wheretheaveragesarestraightforwardto computeanalyticallybut
too lengthy to show due to the spaceconstrainthere. A similar
resultis obtainedfor f s; 0 .

Computing q(sn ): In additionto theposteriortransitionprob-
abilities,estimationof the modelparameters£ (M-step)alsore-
quirestheposteriormarginals,whicharecomputedrecursively by
a forwardpassfor n = 1; :::; N ,

° s;n =
X

s0

´ s0s;n ° s0;n ¡ 1 : (15)

Overlapping windows. As mentionedabove,adirectsolution
of Eq. (11) for thewholeN -point-longtime serieshascomplex-
ity which is cubic in N and is thusvery expensive. Although a
sparsematrix techniquehasbeenappliedbefore[7], thecomplex-
ity still doesn't scalewell enoughto handlelargeN. Herewe use
a proceduremotivatedby the following observation. Assumethe
�rst N1 datapointsy 1:N 1

have beenobserved andthe posterior
over s1:N 1 ; x 1:N 1 hasbeencomputed. After observingthe next
datapoint, theposterioris recomputed.Now, if N 1 is suf�ciently
large, the effect of this new datapoint on the posteriorover the
earlystatess1 ; x 1 maybevanishinglysmall.

Hence,we proceedto solve Eq. (11) asfollows. We applyan
M -point-longwindow to thetimeseriesandrepeatedlyincrement
its startpoint by J points. At eachincrement,we solve Eq. (11)
for the datainside the window to obtain the suf�cient statistics.
Thisprocedurehascomplexity O((M S)2N=J), whichis linearin
N . Generally, we choosethesmallestM thatproducesa desired
accuracy; notethatthisvaluedependson thetemporalstructureof
thetimeseries,but is independentof its lengthN .

E-step: suf�cient statistics. As usual,the variationalequa-
tionsabove arecoupled,with theequationsfor ½s;n , ¡ s;n depend
on ´ s0s;n , ° s;n andvice versa. Theseequationsaresolved iter-
atively starting from a randomor more suitableinitialization if
available.Thesolutionis thesetof suf�cient statistics

' = f ½s;n ; ¡ s;n ; ´ ss 0;n ; ° s;n g (16)

whicharemomentsof thevariationalposterior.
M-step: parameter estimation. Giventhesuf�cient statistics

' , thederivationof theM-stepis achievedby takingderivativesof
F w.r.t. themodelparameters(detailsomitted).

Recovering hidden states. It is oftenneededto estimatethe
statesequenceŝx 1:N andŝ1:N from thedata.For thecontinuous
stateswe usethe MMSE estimator, de�ned w.r.t. the variational
posterior, to obtain

x̂ n =
Z

dx1:N q(x 1:N )x n =
X

s

° s;n ½s;n : (17)

For thediscretestatestheViterbi algorithmcanbeappliedbased
on thevariationalposterioŕ , e.g.,theinitialization andinduction
equationsfor thescoringturnout to be:

V1(s) = max
s0

[¼s00´ s0s; 1 ]; Vn (s) = max
s0

[Vn ¡ 1(s0)´ s0s;n ]:

(18)
Interestingly, it canbeshown that identicalinferencecanalsobe
obtainedby applyingtheViterbi algorithmonf , wheretheinitial-
izationandinductionequationsare:

V1(s) = max
s0

[log ¼s00 + f s0s; 1 ]; (19)

Vn (s) = max
s0

[Vn ¡ 1(s0) + f s0s;n ]: (20)

Heref playsthesameroleastheframe-basedlikelihoodin astan-
dardHMM. ThealternativeViterbi algorithmbasedonf is crucial
for applicationswhereexternalsourcesof informationneedsto be
includedwhenrecoveringthediscretehiddenstates(e.g.,language
modelscorein speechrecognition).Theexternalinformationcan
besimplyaddedasanextra termin (19)and(20).

4. SIMULA TION EXPERIMENTS

Extensive simulationshave beencarriedout to verify thecorrect-
nessandeffectivenessof the algorithm. The exampleusedhere
hasfour discretestateswith thefollowing modelparameters:

A 1 = 0:7; a1 = 0:6; B 1 = 1000; C1 = [0:8 0:3 0:2]T ; c1 = ¡ [3 2 1]T ;

A 2 = 0:8; a2 = 0:5; B 2 = 4000; C2 = [1:0 0:2 0:1]T ; c2 = [¡ 1 0 1]T ;

A 3 = 0:9; a3 = 0:18; B 3 = 694:4; C3 = [0:5 0:4 0:2]T ; c3 = [0 1 2]T ;

A 4 = 0:6; a4 = 0:88; B 4 = 1563; C4 = [0:1 0:7 0:8]T ; c4 = [1 2 3]T ;

whereD is 100timestheidentitymatrix for all four statesand¼is
uniform. SincetheE stepis aniterative processitself, we have to
initialize ½and¡ or ´ and° , anda suitableinitialization scheme
canbe very applicationdependent.In our simulationthe ½'s are
initialized to bea weightedsumof thepseudo-inverseestimation
from y andthe targetvalueof x for eachs3, andtheweightsare
determinedby theratioof kB sk andkD sk. The¡ 'sareinitialized
by

¡ s;n = C T
s D sC s + B s + A T

s B sA s : (21)

Fig. 2 teststhe sensitivity of algorithminference(E step)to
levels of processand observation noise,which are measuredby
the precisionmatricesB andD . In all cases,the discretestate
sequence(indicatedby vertical lines) is recovered correctly by
Viterbi decodingon f . Thecontinousstates,generallymoredif�-
cult to estimatethanthehiddendiscretestates,arerecoveredwell
undermoderatenoise(a),degradedasexpectedasthenoiselevels
increase(b,c),andremainreasonableevenin severenoise(d).

The effectivenessof the windowing techniqueis shown in
Fig. 3, whereawindow sizeof tenstrikesagoodbalancebetween

3x will reacha targetaslongasA is stable,which is probablytheonly
caseof interestfor practicalapplications.
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Fig. 2. Hiddenstaterecoveryunderdifferentnoiselevels:
processnoiseB ¡ 1 ; observationnoiseD ¡ 1 .
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Fig. 3. Theeffectof differentwindow sizes.
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Fig. 5. TrackingVTRs for aspeechsentence.

estimationaccuracy andcomputationalintensityfor thisparticular
example.Finally Fig. 4 teststheestimationof modelparametersc
andD . Giveninitial valuesc0 = c ¡ 1 andD 0 = D =2, it canbe
seenthatthevariationalEM procedureworkswell: thehiddendy-
namicsarerecoveredwell (a) andF is monotonicallyincreasing
andquickly converging(b). Theestimatesof c andD areaccurate,
evidencedby thesmallerrornorms(c,d).

5. APPLICATION AND DISCUSSION

Thenovel variationalEM algorithmfor SSSmodelsdevelopedin
this paperadmitsa broadrangeof applicationsin signalprocess-
ing andbeyond. Fig. 5 shows onetypical examplein speechpro-
cessing:vocal-tract-resonance(VTR) tracking for a TIMIT sen-
tence. The tracking works well not only in the clear, vocalized
regions, but also in more dif�cult consonantregions due to the
built-in smoothnessconstraintof the model. How suchmodels
canbeusedin speechapplications,especiallyfor speechrecogni-
tion, hasbeenexploredin [7]. The key point is that SSSmodels
cancapturetheinternaldynamicsof speechwhicharecompletely
missingin the stateof the art technology;further developments
andresultsarethesubjectof ongoingresearch.
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