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ABSTRACT

An importantgeneraimodelfor discrete-timesignalprocessings
the switchingstatespacgSSS)model,which generalizeshe hid-
denMarkov modelandthe Gaussiarstatespacemodel. Inference
andparameteestimationin this modelareknown to be computa-
tionally intractable.This paperpresentsa powerful newv approxi-
mationto the SSSmodel. The approximationis basedon a vari-
ationaltechniquehatpreseresthe multimodalnatureof the con-
tinuousstateposteriordistribution. Furthermoreby incorporating
awindowing techniquetheresultingEM algorithmhascomplex-
ity thatis just linearin thelengthof the time series. An alterna-
tive Viterbi decodingwith frame-basetik elihoodis alsopresented
whichis crucialfor thespeectapplicationthatoriginally motivates
this work. Our experimentfocuson demonstratinghe effective-
nessof thealgorithmby extensve simulations.A typical example
in speeciprocessings alsoincludedto shaw the potentialof this
approacHor practicalapplications.

1. INTRODUCTION

The switchingstatespace(SSS)modelis a probabilisticdynamic
systemwhich combinedliscreteandcontinuousdynamics.t gen-
eralizesthe hidden Markov model (HMM) and the linear state
spacenodel. Whereaghestatespaceanodeldescribesinobsened
time seriesin termsof a continuoushidden statevector whose
dynamicsis speci ed by the dependencef the currentstateon
the previousone,in the SSSthosedynamicsdepencbn additional
statesvhich arediscrete Hence thedynamicggenerallyvary with
time, producinga powerful modelwith applicationsin mary do-
mains,suchasspeeckprocessingl1], control[2], machinevision
[3] and nancial analysig4]. In themachindearningcommunity
the SSSmodel belongsto a classof modelstermedconditional
linear Gaussiar(CLG) models[5],which hasalsobeenattracting
interestrecently

Whereasnferenceandparameteestimationin HMM andthe
statespacemodel can be done exactly using the EM algorithm
(known asBaum-Welchfor theformerandKalman-RaucHor the
latter), it is well known thatinferencein SSSis computationally
intractable[6]. More generally it hasbeenshavn thatinference
in CLG modelsis NP-hard[5]. Herea new approximatiorscheme
for the SSSmodelis presentedhasecbn a multimodalvariational
technique. Variationalmethodsare rst appliedto similar mod-
els by Ghahramaniand Hinton [6], and someimportantdiffer-
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Fig. 1. Themodel(a) andthe variationalposterior(b) represented
asBayesiametworks.

encesbetweertheir work andourswill be pointedout aswe de-
velopour approachn thefollowing sections.This paperbuilds on
previously-publishedheoreticatesults[7]*; herewe will develop
importantextensionspacled up by extensive simulationresults.

Theremaindenf thepaperis organizedasfollows: Themodel
usedin this work is describedn Section2, followed by somede-
tails of the algorithmdevelopmentin Section3. Section4 shavs
the effectivenesof the algorithmby simulationexamplesand -
nally Section5 concludeghepapemy atypical speectprocessing
exampleanda brief discussion.

2. THE SWITCHING STATE SPACE MODEL

We start with the de nition of the switching statespace(SSS)
model. This is a probabilisticmodelthat describesnultivariable
time seriesdatain termsof two typesof hiddenvariables(also
termedstates)discreteandcontinuous Thehiddenvariableform
two rst-order Markov chains wherethe continuouschainis con-

1Two methodswere developedin [7]: oneis the progenitorto the
presenipaper;the other on which all the experimentalresultsin [7] were
basedis unrelatedandnot furtherpursuedor its lack of ef€cieng/ aswell
asaccurag.



ditionedon the discreteone. Let y , denotethe obsered dataat
timen = 1: N, ands, andx, denotethe discreteand contin-
uoushiddenstates respectiely, at thattime. The discretestates
mayassumeneof S valueswheres = 1, :::;; S. We have

p(sn = Sjsni1= ) = Yoo ;
P(Xn jSn = SiXn; 1) = N(Xn jAsXn 1+ as;BLY); (1)
P(Yn Sn = SiXn) = N(y, j CsXn + Cs;DL);
andtheinitial statesatn = 0 are

P(so=9)=%; Ppxojso=9)=N(xijas;Bg): (2

Thefull joint distribution of themodelis givenby

p(yuN;Xon;Son | E) = P(Yn § XniSn)P(Xn J Sn;Xni 1)

n=1
¢p(sn j sni 1)P(Xo | So)P(so) ;  (3)
wherethe parameterare
£ = %0, %A as;a5;Bs;Bg;CsiCs;Dsg . (4)

Fig. 1 shows the graphicalrepresentatiomf the SSSmodel,
wherethe conditionalindependenceelationsareillustratedclear-
ly. Noticethatour modelimplicitly forcesa continuity constraint
onxi:n Sothatit ts nicely into the Bayesianframavork when
X1:n IS treatedasa smoothnesgrior for y . [8]. Sucha con-
tinuity constraintis not presentin mary other SSSmodels,such
asthe onein [6] wherethereare M underlyinglinear dynamic
processebut only oneof themis obseredata giventime.

EM parameteestimationin probabilisticmodelsgenerallyin-
volves iterating betweenan E-step,which updatesthe posterior
distribution over the hiddenstategandthe momentsof the poste-
rior, a.k.a.sufcient statistics),andan M-step,which updateshe
modelparametersAs is well-known, in the SSSmodelthe E-step
is computationallyintractable becausehe exact computationof
the posteriordistribution requiressummingover all possiblecon-
gurations of sy.n , whosenumberis O(eV ). In the following
sectionwe derive anew approximatiorschemeor this posterior

3. AMULTIMOD AL VARIATIONAL APPROXIMA TION

In the variational approachwe approximatethe exact posterior
p(sun ;XN | Yq.n ) by adistribution with a tractablestructure,
denotedby g. Herewe choosethe following partially factorized
structureshavn graphicallyin Fig. 1:

P(So:n ;XN | Yi:n) Y2 O(So:n ;XoN Yoy )
¥ ) . ) (5)
= d(Xn j Sn)d(sn j Sn; 1) ¢0(Xo j So)a(So) :

n=1

As is costumaryto the notationin variationalmethods the data
dependencef theq's is omittedbut alwaysimplied.

Whereag is anapproximationit preseresimportantfeatures
of the exact posterior In particular (1) it incorporatesemporal
correlationsvia the Markov chainstructureof g(si:n ), (2) it in-
corporategorrelationdetweerthecontinuousanddiscretestates,

2Furthersmoothnesgan be enforcedby constrainingthe @rst and/or
higherordersof derivativesto be continuousaswell.

andmostsigni cantly (3) it ingprporatesnultimodalityof thecon-
tinuousstatessinceq(xn) = Q(Xn j Sn = S)d(Sn = S)isa
mixture distribution. On the otherhand,it doesnot directly in-
corporategemporalcorrelationsamongx » 's; thoseareintroduced
indirectly via the variationalequationselon. Previous work on
variationalapproachto suchmodels[6] usesthe factorizedform
q = d(X1u.~n)g(s1:n). Whereaghatform doesincorporatetem-
poral correlationsamongthe xn , it resultsin a q(X1:n ) Whichis
a Gaussianand thus unimodal. Neverthelesssuchan approxi-
mationcanalsobe appliedto our modelanda detail comparison
studywill bepublishedseparately

To derive g, we startwith thefunctional
z

X
Fld = dxin O(Sun;Xun)e
S1:N (6)

[logp(yq.n:Xun;Sun) i logg(sun;Xun)]

and optimize it w.r.t. g, under the restriction that g has the
above structure. This is doneby settingthe functional derivative

+F =#(Xn ] sn) andtheordinaryderivative @ =@(Sn j Sn; 1)

to zero,for eachn, andsolvingthe resultingrecursve equations,
equivalentto minimizing the KL distanceof g to the exactposte-
rior. Herewe presenthe resultsonly, ratherthanthe full deriva-

tion, dueto spacdimitations.

First, notice that the functionalform of q(x, j sn) wasnot
speci edin advance.Theoptimalform, resultingfrom afreeform
optimization turnsoutto bea Gaussianvith statedependentean
Ya.n andprecisionj sn ,

G(Xn jSn = 8) = N(Xn | Y2 ;i bn) : )
Next, we de ne thefollowing variationalposteriors,

®sn = d(sn = 5);

"s%sn = 0(Sn = SjSn;1

i ®

z o
ssOn+1 sin |
s)= =10t St

1sosn = O(Sn = S| Sn+1 5
sOn +1
We alsointroducethe notationEs;, , denotingstate-conditioned
averagingyvia
Z
Esn g(Xn) = dxn g(Xn j sn = S)g(Xn) ; 9
whereg is anarbitraryfunction.
Computing g(xn j sn): Theprecisionmatrix of g(Xn j Sn)
is givenby
T X
isn = CS DsCs+ Bs +

s0

“sson+1 ATiBgoA g (10)

Themeansatis esthelinearequation

X
i sin 1/%;“ = Cle(yn i Cs)+ Bs(As

s0

1SS(’;ni 11/%0;ni 1+ as)
X .

+ ss0n +1 A goB so(Ya0 41 i As0) ! (11
0

Notice that a brute force solution of the last equationby matrix
inversionhascompleity O((N S)?®), whereS is the numberof

states. Below we discussan efcient solution techniqueusing
overlappingwindows, whosecompleity is signi cantly lower.



Computing g(sn j Sn; 1): Weintroducethe quantityzs;, for
eachtime n andstates. It turnsoutto be the normalizationfac-
tor of the posteriortransitionprobability " sos.n = 9(Sn j Snj 1)-
Theseprobabilitiesare computedrecursvely by a backward pass
asfollows. First, we initialize zsy +1 = 1 for all s. Next, for
n = N;::; 1wecompute

5% 70041 Zen = €'’ Zgon41 ; (12)

s;n
s0

sOs;n =

andfor n = 0 we compute
X

o

1 . )
s;0 = —efs'ozs;l v 2o = efs'ozs;l : (13)

Zo
Thequantitiesf o5, aregivenby

£ ) ) a
fsosn = Eson logp(y, j Xn;Sn = 8 i logg(Xn jsn = 89

Eson Esni 110gp(Xn j Xnj 1;80 = SO)
logp(sn = s°jsni 1= 9); (14)

+

+

wheretheaveragesrestraightforvardto computeanalyticallybut
too lengthy to shav dueto the spaceconstrainthere. A similar
resultis obtainedfor f s, ¢.

Computing q(sn): In additionto theposteriorttransitionprob-
abilities, estimationof the model parameter€ (M-step)alsore-
quiresthe posteriormaiginals,which arecomputedecursvely by
aforwardpassforn = 1;::;; N,

X
sn — ’ sOs;n oso;ni 1: (15)
s0

Overlapping windows. As mentionedabove, adirectsolution
of Eq. (11) for thewhole N -point-longtime serieshascomplec-
ity which is cubicin N andis thusvery expensve. Althougha
sparseamatrix techniquehasbeenappliedbefore[7], the complex-
ity still doesnt scalewell enoughto handlelarge N. Herewe use
a proceduremotivatedby the following obseration. Assumethe

rst N1 datapointsy .y, have beenobsered andthe posterior
over si:n,; X1:n; hasbeencomputed. After observingthe next

datapoint, the posterioris recomputedNow, if N1 is sufciently

large, the effect of this new datapoint on the posteriorover the
earlystatess; ; X1 maybevanishinglysmall.

Hence we proceedo solve Eg. (11) asfollows. We applyan
M -point-longwindow to thetime seriesandrepeatedlyncrement
its startpoint by J points. At eachincrementwe solve Eq. (11)
for the datainside the window to obtainthe sufcient statistics.
This procedurédhascompleity O((M S)2N=J), whichis linearin
N . Generally we choosethe smallestM thatproducesa desired
accuray; notethatthis valuedepend®n thetemporalstructureof
thetime seriesput is independentf its lengthN .

E-step: suf cient statistics. As usual,the variationalequa-
tionsabove arecoupled with theequationdor %4, , i sn depend
on’ sosn , °sn andvice versa. Theseequationsare solved iter-
atively startingfrom a randomor more suitableinitialization if
available. Thesolutionis the setof sufcient statistics

= f%n;isn; ss0n;%snd (16)

which aremomentof the variationalposterior

M-step: parameter estimation. Giventhesufcient statistics
', thederivationof the M-stepis achieved by takingderivativesof
F w.r.t. themodelparameterg¢detailsomitted).

Recovering hidden states. It is oftenneededo estimatethe
statesequence®i.y and$;.y from the data. For the continuous
stateswe usethe MMSE estimator de ned w.r.t. the variational
posteriorto obtain

4
Rn = dXun (XN )Xn = ®sn Yo (17)

S

For the discretestatesthe Viterbi algorithmcanbe appliedbased
onthevariationalposterior , e.g.,theinitialization andinduction
equationdor thescoringturn outto be:

Va(s) = max[¥aco sos1; Vi (S) = max[Va, 1(8%) sosn I:
(18)
Interestingly it canbe shavn thatidenticalinferencecanalsobe
obtainedby applyingthe Viterbi algorithmonf , wheretheinitial-
izationandinductionequationsare:

Vi(s) = m%lx[log Yaop + fgo5.1]; (29)
s

Vo (s) = max[Va; 1(s%) + foosn ]: (20)

Heref playsthesamerole astheframe-basedkelihoodin astan-
dardHMM. Thealternatve Viterbi algorithmbasecnf is crucial
for applicationswhereexternalsourcef informationneedso be
includedwhenrecoveringthediscreteniddenstatege.g.,language
modelscorein speechrecognition).The externalinformationcan
be simply addedasanextratermin (19) and(20).

4. SIMULATION EXPERIMENTS

Extensve simulationshave beencarriedout to verify the correct-
nessand effectivenessof the algorithm. The exampleusedhere
hasfour discretestateswith the following modelparameters:

A; = 0:7; a; = 0:6; B; = 1000; C; = [0:80:30:2]"; ¢ = i [321];
A, = 0:8; a, = 0:5; B, = 4000; C, = [1:00:20:1]T; c2 = [j lOl]T;
A3 = 0:9; az = 0:18; B3 = 694:4; C3 = [0:50:40:2]" ; c3 = [012]";
A4 = 0:6; a4 = 0:88; B4 = 1563; C4 = [0:10:70:8]T; C4 = [123]T;

whereD is 100timestheidentity matrixfor all four statesand¥ais
uniform. Sincethe E stepis aniterative processtself, we have to
initialize ¥2andj or” and®, anda suitableinitialization scheme
canbe very applicationdependentIn our simulationthe ¥4s are
initialized to be a weightedsumof the pseudo-imerseestimation
fromy andthetargetvalueof x for eachs®, andthe weightsare
determinedy theratio of kB sk andkD sk. Thej 'sareinitialized
by
i sin :CleCs+Bs+AlBsAs: (21)

Fig. 2 teststhe sensitvity of algorithminference(E step)to
levels of processand obsenation noise,which are measuredy
the precisionmatricesB andD. In all casesthe discretestate
sequencedindicatedby vertical lines) is recovered correctly by
Viterbi decodingonf . The continousstatesgenerallymoredif -
cult to estimatehanthe hiddendiscretestatesarerecoveredwell
undermoderatenoise(a), degradedasexpectedasthe noiselevels
increaseb,c),andremainreasonablevenin severenoise(d).

The effectivenessof the windowing techniqueis shavn in
Fig. 3, whereawindow sizeof tenstrikesagoodbalancebetween

3x will reachatargetaslongasA is stablewhichis probablythe only
caseof interestfor practicalapplications.
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Fig. 5. TrackingVTRs for a speectsentence.

estimationaccurag andcomputationaintensityfor this particular
example.Finally Fig. 4 teststhe estimationof modelparameters

andD . Giveninitial valuesc®= cj 1andD°= D=2, it canbe
seerthatthevariationalEM procedurevorkswell: thehiddendy-

namicsarerecoseredwell (a) andF is monotonicallyincreasing
andquickly corverging (b). Theestimate®f candD areaccurate,
evidencedby thesmallerrornorms(c,d).

5. APPLICATION AND DISCUSSION

Thenovel variationalEM algorithmfor SSSmodelsdevelopedin

this paperadmitsa broadrangeof applicationsin signalprocess-
ing andbeyond. Fig. 5 shavs onetypical examplein speechpro-

cessing:vocal-tract-resonanc@/TR) trackingfor a TIMIT sen-
tence. The trackingworks well not only in the clear vocalized
regions, but alsoin more dif cult consonantegions dueto the

built-in smoothnesgonstraintof the model. How suchmodels
canbeusedin speechapplicationsgspeciallyfor speectrecogni-
tion, hasbeenexploredin [7]. The key pointis that SSSmodels
cancapturetheinternaldynamicsof speectwhich arecompletely
missingin the stateof the art technology;further developments
andresultsarethe subjectof ongoingresearch.
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