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ABSTRA CT

This paper describesnovel and powerful variational EM al-
gorithms for the segmental switching state space models
used in speech applications, which are capable of capturing
key internal (or hidden) dynamics of natural speech pro-
duction. Hidden dynamic models (HDMs) have recently
becomea classof promising acoustic models to incorporate
crucial speech-speci¯c knowledgeand overcomemany inher-
ent weaknessesof traditional HMMs. However, the lack of
powerful and e±cient statistical learning algorithms is one
of the main obstaclespreventing them from being well stud-
ied and widely used. Since exact inference and learning are
intractable, a variational approach is taken to develop ef-
fective approximate algorithms. We have implemented the
segmental constraint crucial for modeling speech dynamics
and present algorithms for recovering hidden speech dy-
namics and discrete speech units from acoustic data only.
The e®ectivenessof the algorithms developed are veri¯ed by
experiments on simulation and Switchboard speech data.

1. INTR ODUCTION

The goal of human speech production is to convey discrete
linguistic symbols corresponding to the intended message,
while the actual speech signal is produced by the contin-
uous and smooth movement of the articulators with lots
of temporal structures. This seemingly contradictory dual
nature (discrete vs contin uous) of speech can be amazingly
utilized by human speech recognizersin a bene¯cial way to
enhancethe decoding of the underlying messagefrom acous-
tic signals. However, so far this has beena seriouschallenge
for acoustic modeling in both scienti¯c research and practi-
cal applications. The conventional hidden Mark ov models
(HMMs) used in the state-of-the-art speech technology, al-
beit putting enough emphasis on the symbolic nature of
speech, have long been recognized to model the temporal
dynamics very poorly, which result in some inherent weak-
nessesof the current speech technology built upon it. Ef-
forts have sincebeenmade to improve the modeling of tem-
poral dynamics and the ultimate goal is to turn the coarticu-
lation behavior in natural speech from a curse (as in current
speech technology) to a blessing. Currently there are two
general trends in the speech research communit y to reach
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this goal: one is to extend upon HMM to better account for
the temporal dynamics in acoustic signalsdirectly [1, 2], the
other is to use some kind of hidden dynamics, abstract or
physically meaningful, to account for the temporal dynam-
ics and subsequently map it to the acoustic domain [3, 4, 5].
The HMM extensions typically enjoy the bene¯t of being
able to usethe standard HMM training and test algorithms
with some generalization, but have more models parame-
ters and need more computation. The temporal dynamics
at the surface acoustic level is also very noisy and di±cult
to extract. The hidden dynamics models (HDMs) are able
to directly model the underlying dynamics with a parsimo-
nious set of parameters and closer to the models developed
in speech science,but they typically require the derivation
of new training and test algorithms with various degreesof
di±cult y. This paper directly addressessuch a problem for
a class of HDMs to be described shortly. We focus on the
posterior from which one computes su±cient statistics and
use a new approximation as recently intro duce in machine
learning [6, 7] to approximate the intractable exact form.

The remainder of the paper is organized as follows: The
model used in this work is described in Section 2, followed
by some details of the algorithm development in Section
3. Section 4 shows the e®ectivenessof the algorithms by
simulation and real speech data, followed by the conclusions
and discussionsof the future work in Section 5.

2. MODEL DESCRIPTION

The HDM is ¯rst proposed in a form of switching state-
space models for speech applications. The state equation
and observation equation are de¯ned to be:

x n = A sx n ¡ 1 + (I ¡ A s )u s + w ; (1)

y n = C sx n + cs + v ; (2)

where n and s are frame number and phone index respec-
tiv ely, x is the hidden dynamics and y is the acoustic fea-
ture vector (such as MFCC). The hidden dynamics is cho-
sen to be the vocal-tract-resonances (VTRs) in this work,
which are closely related to the smooth and target-oriented
movement of the articulators. The state equation (1) is
a linear dynamic equation with phone dependent system
matrix A s and target vector u s and with build-in conti-
nuit y constraints across the phone boundaries. The ob-
servation equation (2) represents a phone-dependent VTR-
to-acoustic linear mapping. The choice of linear mapping



Fig. 1. HDM represented as a Bayesian network

is mainly due to the di±cult y of algorithm development.
The resulting algorithm can also be generalizedto mixtures
of linear mapping and piece-wise linear mapping within a
phone. Gaussian white noises w n and v n are added to
both the state and observation equations to make the model
probabilistic. Similar models have been proposedand used
by the authors previously [4, 8], where more insight and
details are given.

To facilitate algorithm development, the HDM is also
expressedin terms of probabilit y distributions:

p(sn = s j sn ¡ 1 = s0) = ¼ss 0;

p(x n j sn = s; x n ¡ 1) = N (x n j A sxn ¡ 1 + as ; B s );

p(y n j sn = s; x n ) = N (y n j C sx n + cs ; D s ); (3)

where ¼ss 0 is the phone transition probabilit y matrix, as =
(I ¡ A s )u s and N denotes a Gaussian distribution with
mean and precision matrix (inverse of the covariance ma-
trix) as the parameters. The joint distribution over the
entire time sequenceis given by

p(y 1:N ; x 1:N ; s1:N ) =
Y

n

p(y n jsn ; x n )p(x n jsn ; x n ¡ 1 )p(sn jsn ¡ 1 ):

(4)
The conditional independence relations of the model

can be seen more clearly from a graphic form (Bayesian
network) as shown in Fig. 1.

3. MODEL INFERENCE AND LEARNING

Inference refers to the calculation of posterior distribu-
tion p(s1:N ; x 1:N j y 1:N ) given all model parameters, while
learning refers to the estimation of model parameters £ =
f A 1:S ; a1:S ; B 1:S ; C 1:S ; c1:S ; D 1:S g given the complete dis-
tribution, usually in a maximum lik elihood (ML) sense.Un-
der the expectation-maximization (EM) framework, infer-
enceis the E step and learning is the M step. In our model,
however, the posterior turns out to be a Gaussian mixture
whosenumber of components is exponential in the number
of states (or phones) and frames, and is therefore computa-
tionally intractable. Here we develop two approximations,
called mixtures of Gaussian (MOG) and HMM posteriors
respectively, basedon variational techniques. The idea is to
choosethe approximate posterior q(s1:N ; x 1:N j y 1:N ) with a
sensibleand tractable structure and optimize it by minimiz-
ing its Kullbac k-Liebler (KL) distance to the exact poste-
rior. It turns out that this optimization can be performed
e±ciently without having to compute the exact (but in-
tractable) posterior.

It is necessaryto say a few words about our previous
approaches and other related work in the literature before

presenting the current one. Most of our previous algorithms
are developed under the assumption of hard phone bound-
aries which are either known or estimated separately by
some heuristic methods [9], and the intractable exact pos-
terior is approximated by a single Gaussian. This is also
true for most of the work in a broad range of literatures for
switching state spacemodels. In contrast, the current ap-
proach usessoft phone assignments that are estimated un-
der an uni¯ed EM framework as in [6, 7], but unlik e [6, 7],
our approximation doesn't factorize s from x and results in
a multimo dal posterior over x instead of a unimodal one,
which is justi¯ably more suitable for speech applications.

3.1. MOG posterior

Under this approximation q is restricted to be:

q(s1:N ; x 1:N ) =
Y

n

q(x n j sn )q(sn ); (5)

where from now on the dependenceof the q's on the data
y is omitted but always implied.

Minimizing the KL divergencebetweenq and p is equiv-
alent to maximizing the following functional F ,

F [q] =
X

s1: N

Z
dx 1:N q(s1:N ; x 1:N ) ¢

[log p(y 1:N ; x 1:N ; s1:N ) ¡ log q(s1:N ; x 1:N )] ; (6)

which is also a lower bound of the lik elihood function and
will be subsequently used as the objectiv e function in the
learning (M) step.

By taking calculus of variation to optimize F w.r.t.
q(x n jsn ) and q(sn ), it turns out that each component
q(x n jsn ) follows a Gaussian distribution, i.e.,

q(x n j sn = s) = N (x n j ½s;n ; ¡ s;n ); (7)

and the parameters ½s;n and ¡ s;n are given by

¡ s;n = C T
s D sC s + B s +

X

s0

° s0;n +1 A T
s0B s0A s0; (8)

¡ s;n ½s;n = B s (A s

X

s0

° s0;n ¡ 1½s0;n ¡ 1 + as )

+
X

s0

° s0;n +1 A T
s0B s0(½s0;n +1 ¡ as0)

+ C T
s D s (y n ¡ cs ); (9)

where ° s;n = q(sn = s) and is computed from

log ° s;n = f 1(½s;n ; ¡ s;n ; £) + f 2(½s0;n ¡ 1 ; ¡ s0;n ¡ 1 ; £)

+ f 3(½s0;n +1 ; ¡ s0;n +1 ; £) : (10)

f 's denote linear functions whose expressions are too
lengthy to bewritten down here. Eq. (8) and (9) are coupled
linear equations given model parameters £ and ° 's and can
be solved e±ciently by sparsematrix techniques. Eq. (10)
is a nonlinear equation by itself and has to be solved by
iteration. Eq. (8), (9) and (10) constitutes the inference or
E step of the algorithm and have to be solved iterativ ely all
together after someproper initializations.

Model learning involves taking derivativ es of F w.r.t.
all the model parameters and setting them to zero. This
results in a set of linear equations which can besolved easily.
Since this step is standard as to all EM approacheswith no
special di±culties, the detail equations are omitted.



3.2. HMM posterior

Under this approximation q is taken to be

q(s1:N ; x 1:N ) =
NY

n =1

q(x n j sn ) ¢
NY

n =2

q(sn j sn ¡ 1) ¢q(s1): (11)

First we de¯ne two posterior transition probabilities:

´ s0s;n = q(sn = s j sn ¡ 1 = s0);

¹́ s0s;n = q(sn = s j sn +1 = s0) =
´ s0s;n +1 ° s;n

° s0;n +1
; (12)

where ° is the same as in the previous section. It turns
out that each q(x n jsn ) is again a Gaussian distribution,
and ½s;n and ¡ s;n are given by coupled linear equations
having the sameform as (8) and (9), except that the ° 's are
replacedby ´ 's and ¹́ 's. Theseequations can again besolved
by sparse matrix techniques. The ° 's and ´ 's themselves
can be solved by the following e±cient backward-forward
procedure given the model parameters and all the ½'s and
¡ 's.

1. Initialize: zs;N +1 = 1 for all s.

2. Backward pass: for n = N ; ¢¢¢; 2

zs;n =
X

s0

exp(f ss 0;n )zs0;n +1 ;

´ ss 0;n =
1

zs;n
exp(f ss 0;n )zs0;n +1 : (13)

3. For n = 1:

z1 =
X

s

exp(f s; 1)zs; 2 ;

° s; 1 =
1
z1

exp(f s; 1)zs; 2 : (14)

4. Forward pass: for n = 2; ¢¢¢; N

° s;n =
X

s0

´ s0s;n ° s0;n ¡ 1 : (15)

Again, f 's are functions of the ½'s, ¡ 's and model param-
eters whose expressionsare too lengthy to be given here.
Also remember that the complete E step still has to iterate
betweenthe calculation of q(x n j sn ) and q(sn j sn ¡ 1). The
model learning is quite similar to the MOG case and the
detail equations are omitted.

3.3. Speech speci¯c issues

There are a number of important issuesto be solved before
the above algorithms can be applied to speech, and they
are discussedhere:

1. Parameter initialization: It is important to initialize
the parameters appropriately for an iterativ e local op-
timization procedure such as EM. Our HDM enjoys
the bene¯t of being closely related to speech-speci¯c
knowledge and some key parameters, especially the
phone targets, can be reliably initialized from a for-
mant synthesizer. Due to the small number of total
parameters, others can be easily initialized by a small
amount of hand-labeled VTR data.

2. Segmental constraint: The probabilistic form of the
HDM allows phone transitions to occur at each frame,
which is undesirable for speech. In training, we con-
struct a seriesof time-varying transition matrices ¼ss 0

basedon the given phonetic transcript (or onecreated
from a lexicon if only word transcripts are given) and
some initial segmentation to impose the segmental
constraint and force the discrete-state component of
the model to be consistent with the phonetic tran-
script. Such an approach also greatly reduces the
number of possiblephoness that have to be summed
up at each time step, including (8)-(10), (13)-(15)
and the calculation of all the f 's. The segmental
constraint in recognition is discussedin 4.

3. Hidden dynamics recovery: It is both informativ e (es-
pecially for debugging) and desirable to recover the
hidden VTR, and it is calculated by:

x̂n =
X

s

° s;n ½s;n (16)

for both the MOG and HMM posterior assumptions.

4. Recognition strategy: Here we seek the most lik ely
phone sequencegiven a sequenceof observation. For
the MOG case,this is simply accomplishedby choos-
ing the maximum ° at each frame; while for the HMM
posterior we need to perform Viterbi decoding by
using ° and ´ , e.g., the initialization and induction
equation for the scoring are:

V1(s) = ° s; 1 ; Vn (s0) = max
1· s· S

[Vn ¡ 1(s)´ ss 0;n ] ° s0;n :

(17)
It is highly desirable to incorporate segmental (or
minimal duration) constraint and language weight-
ing in the recognition stage and this is implemented
by Viterbi decoding with modi¯ed transition matri-
ces for both cases(in MOG the transition matrix is
created from scratch while in HMM the changesare
merged into ´ ). Such a strategy allows HDM to be
used in phone recognition directly without resorting
to an N-best list provided by HMM.

4. EXPERIMENT AL RESUL TS

The results presented in this section are obtained by run-
ning the variational EM algorithm with MOG posterior.
The correctnessof implementation and e®ectivenessof the
algorithm is ¯rst veri¯ed by simulation data. An example is
shown in Fig. 2 and 3. Fig. 2 shows one of the training to-
kens (10 in total) with three dynamic regimes (or phones).
Only the observation y is passedto the variational EM algo-
rithm and the model parameters are initialized to be away
from the true ones. After the algorithm converges,it learns
the parameters quite well, e.g., the true and estimated pa-
rameters for the state equation are

A = [0:9 0:85 0:95]; Â = [0:89220:72120:8623];
u = [2:0 2:5 1:8]; û = [2:06172:40111:8316]:

Fig. 3 shows the hidden dynamics recovery for a test se-
quence, and the underlying phone sequenceis also recog-
nized perfectly for this simple example.
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Fig. 2. Simulation data for training.
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Fig. 3. Hidden dynamics recovery for simulation data.
Broken red line: true; solid blue line: estimated.

Similar experiments have been performed for a small
amount of speech data from the Switchboard database.
Fig. 4 shows the hidden dynamics (VTR) recovery for one
of the ¯v e training sentences used, and the same is shown
for a short test sentence in Fig. 5. By applying simple mini-
mum duration constraint and adjusting the variance level of
silence (also modeled as a phone but it needssome special
treatment since it doesn't really ¯t into the state equation
of HDM), the phone sequenceis recognized perfectly for
this simple task.

5. CONCLUSIONS AND FUTURE W ORK

We have described in this paper the variational technique
for inference and parameter estimation for the segmen-
tal switching state spacemodels designedfor parsimonious
representation of hidden speech dynamics and the result-
ing context-dep endent behavior in speech acoustics. Two
types of approximate posterior PDFs are assumed, MOG
and HMM, and the respective inference algorithms are pre-
sented in detail. We addressseveral speci¯c issuesrelated to
speech modeling, including the way in which the segmen-
tal nature of the speech dynamics is taken into account.
We have conducted comprehensive simulation experiments
verifying the e®ectivenessof the algorithms. Preliminary
experiments on recovering hidden speech dynamics (VTR
frequencies) and on recovering discrete-state speech units
(phone decoding) using acoustic speech data alone demon-
strate the potential of the variational approach developed
in this study for conversational speech recognition. The al-
gorithms developed in this work also make important con-
tributions to the machine learning communit y in general.

Our future work will focus on large-scalespeech recog-
nition tasks, as well as on improving various components of
the segmental switching state spacemodel and the related
variational approximation techniques.
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Fig. 4. VTR recovery in the training data. Broken blue
line: hand-labeled VTR; solid red line: estimated VTR.

Iteration = 4

Frame (10ms)

F
re

qu
en

cy
 (

kH
z)

0 20 40 60 80 100 120 140
0

0.5

1

1.5

2

2.5

3

3.5

4

Fig. 5. VTR recovery in the test data. Broken blue line:
hand-labeled VTR; solid red line: estimated VTR.
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